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ABSTRACT

Given the invariant density or ergodic distribution, we can find some 
dynamical map f (.) such that xn+1 = f (xn) for which the collection {xn} of prime 
gaps follow the stationary distribution referred to as the Inverse Frobenius-Perron 
map.  We provide an alternative theory for finding such a formula based on 
chaotic dynamics.

Keywords:  Prime gaps, invariant density, chaotic map, inverse Frobenius-perron

INTRODUCTION

is chaotic if the values {Xt } behave like a random sequence. Devaney (2000) 
provides a more rigorous definition of chaos which essentially boils down to: (a.) 
sensitivity to initial conditions, (b.) topological transitivity, and (c.) countably 
infinite periodic points of all periods. By treating (1) as a pseudo-random 
sequence for large N, one obtains a probability distribution F(.), assumed 
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absolutely continuous with respect to a Lebesgue measure, that describes the 
random behavior of the sequence. The invariant distribution F(.) is the fixed 
point of a Frobenius-Perron operator  L(.)  (Pingel, 1989):

The approach uses the inverse transform theorem which states that if F(x) is 
the distribution of a random variable X, then:
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Chaotic Maps Derived by Conjugation of an Auxillary Map

The invariant distribution of (2) is given by Equation (3) while the invariant 
distribution of {Yt } is a known distribution H(y).

where Pn+1  and Pn are consecutive primes (Cramer, 1936; Selberg, 1948; 
Yamasaki and Yamasaki, 1991). On the dynamics of prime gaps (Libao 2016 
dissertation), we established that the gaps {Yn } form a chaotic sequence with a 
periodic point of period 3. Li and Yorke (1975) demonstrated that if a system has 
a period 3 point, then the system is chaotic.
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Figure 1. Theta (y) versus y.

Figure 2 shows the phase diagram of Y(t+1) versus Y(t) using the initial 
condition Y0 = .06.
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Figure 2. Phase diagram of Y(t+1) versus Y(t).

On the other hand, we also viewed the phase diagram for E(Yt+1|Yt=y) versus   
Yt=y  for the actual prime gaps up to gap = 18 as shown in Figure 3:

Figure 3. Phase diagram of E(Yt+1|Yt) and Yt.
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Theoretical  Bound for the  Mean Absolute Error

Consider:

representing the average divergence of the two trajectories of the chaotic paths 
{Yt } and {Yt’ }. The Lyapunov characteristic exponent of a dynamical system 
is a quantity that characterizes the rate of separation of infinitesimally close 
trajectories (Bryant et al., 1990). Two trajectories diverge at a rate given by:



121

International Peer Reviewed Journal



Liceo Journal of Higher Education Research

122

Theoretical Absolute Error
Next, we consider the magnitude of the difference between the nth prime gap 

(Yn) and the nth prime gap prediction (Yn’):	

Numerical Simulation
Let {Yt} = {1,2,2,4,2,4,2,4,6,2,6,…} be the natural sequence of prime gaps 

starting from the first gap of 1. Using the exponential approximation to the 
distribution of prime gaps with:

The mean absolute error computed for this sequence is:
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for the first 1,228 prime gaps.

We then proceeded to examine the behavior of the sequence in the 
neighborhood of x0=0.00687. Table 1 shows the MAE obtained for various 
choices of initial values in the neighborhood of x0.

Table 1. MAE for Various Initial Values Near X0 = 0.00687

The minimum value of the MAE occurs at x0 = 0.025 with MAE = 14.072. 
The graph of initial values versus MAE is shown below:

Figure 4. Mean Absolute Errors for Various Initial Values.
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The histogram for the optimal sequence of gaps generated from the initial 
condition x = 0.025 is shown below to be exponential as desired:

Figure 5. Histogram for the Optimal Sequence 
of Y Generated from X = 0.025.

Figure 4 shows that the objective function (MAE) for the minimization 
problem has several local minima within (.003,.035). However, we also note that 
the minimum among the local minima satisfies:

The initial condition used previously was based on the fixed point x = 0 and 
the initial prime gap of y = 1. We can also explore the other unstable fixed point 
at x = .75 and use the following relation

Table 2 shows the results of the exploration around the neighborhood of
0.75. We find that the objective function has a unique minimum at around 
X0 = 0.739 and:
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where y is the Ramanujan-Landau constant earlier given. Table 2 shows the 
results of the exploration.

Table 2. MAE for Initial Values Near an Unstable Fixed Point X0=0.75

Figure 6 shows the mean absolute errors for various initial values used.

Figure 6. MAE around the neighborhood of x = 0.75.

Figure 7 shows the histogram of the optimal sequence of gaps generated with 
an initial condition of x0 = 0.739.



Liceo Journal of Higher Education Research

126

Figure 7. Histogram of the Optimal Sequence of Gaps with 
Initial Condition X0  = 0.739

Absolute Errors
Table 3 shows the estimated nth prime Pn’ and the actual nth prime Pn with 

their absolute errors and relative absolute errors:

Table 3. Absolute Error for the Estimation of the nth Prime
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Table 4. PNT versus Chaotic Map Prediction of the nth Prime

Tabular values show that the predictions made using the chaotic dynamics 
approach are much closer to the actual primes than the predictions using the 
Prime Number Theorem.

CONCLUSION

With the concept of deterministic randomness, we modelled the prime gaps as 
a chaotic dynamical system. Given the invariant density or ergodic distribution, 
we can find some dynamical map f (.) such that:  xn+1 = f (xn) for which the 
collection {xn} of prime gaps follow the stationary distribution referred to as the 
Inverse Frobenius-Perron map. This map is given by       
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